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It is shown that the diameter of a generalized Moore geometry can be at most 13. This 
improves the bound of 161 obtained in Part I of this work. 
1. Introduction 
In Part I of this work [1], we showed that the diameter of a non-trivial 
generalized Moore geometry could be at most 161. Here we will apply various ad 
hoc methods on a case-by-case method to lower this bound. We show 
Theorem 1. The diameter of a non-trivial generalized Moore geometry can be at 
most 13. 
The reader is referred to [1] for the relevant definitions, formulas and 
references. Since no example with diameter greater than 6 are known (at least to 
the author), it is conceivable that the bound 13 could be further reduced, 
although it seems difficult. 
In Table 1 are listed the diameters 13 or greater and corresponding cases 
remaining from [1, Table 6], together with the values of the polynomials H'a(z) 
modulo 2 and modulo 3 for each case. The definitions of the cases may again be 
found in [1]. For possible future reference, the same information for diameters 
2-13 is given in Table 4. We omit diameter 1, since a generalized Moore 
geometry of diameter 1 is simply a balanced incomplete block design (with 
= c + 1) and no new restrictions follow from our methods. 
2. Inconsistent degrees 
In some cases the degrees of the fa&orizations modulo 2 and modulo 3 are 
mutually inconsistent under the assumption that factorization over the rationals 
yields factors of degree at most 3. 
For example when d =21, in all cases the factorization (mod3) has six 
irreducible cubic factors. It follows that there are at least six irreducible cubic 
factors over the rationals. On the other hand, the factorization (mod 2) contains 
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Tab le  1 
d Case H'a(z) (mod 2) Case H'a(z) (mod 3) 
13 B 12z3(z+l )  s a 






14 A z2(z  3 4" Z 2 4" 1) 4 a 






15 B l~: (z  3 + 72+ 1)4 a 





16 A z e 
C 1215 
17 B 122 TM k zg(z - 1) 8 
F z(z + 1)4(7" 3 4. 7, 4" 1) 4 
A 72(7" + 1)4(Z3 + Z + 1) 4 





19 B 12z(z + 1)4(z 3 + z + 1) 4 e 
F z3(z 2 + z + 1) s g 
20 A z4(z 2+z+1)  8 j 
C 123(z 2 4" Z 4" 1) 8 k 




23 F zT(z 4" 1) 16 j 
k 
24 A 7,a(z + 1) TM a 
C 127(g 4" 1) 16 c 
f 
25 B 127,7(7, + 1) 16 e 
k 






28 A z4(z 3+z  2+1) s a 
(Z -- 1)(Z 3 -- Z -- 1)2(7" 3 + 72 + 7" __ 1)2 
2(23 -- Z 4" 1)2(23 -- 72 4" 1)2 
Z(Z 3 -  2 -- 1)2(23 + 72 + 2 -- 1) 2 
1223(7" -- 1)2(2 4" 1) 6 
1(7, 3 -- Z -- 1)2(7, 3 + Z 2 4- Z -- 1) 2 
~Z(z-31+)~2__1)2(z3_z2__z _1)2 
Z(Z -- 1)(23 4. 72 __ 1)2(23 _ 22 __ Z -- 1) 2 
(7" 4" 1)2(7" 3 -- Z 2 4" Z 4" 1)2(Z 3 4" Z 2 -- 7, 4" 1) 2 
Z2(Z 3 4" 72 -- 1)2(7"3 -- 72 -- Z -- 1) 2 
12(Z 3 -- 7" -- 1)2(7" 3 4" Z 2 4" 7" -- 1) 2 
12(7"3 4" 22 -- 1)2(Z3 -- 72 -- 7" -- 1)2 
l (z  - 1) 13 
(z - 1)2(z 2 + 1) 6 
(Z -- 1)3(Z 2 4" 1) 6 
7"3(7"2 4" Z -- 1) 6 
7"(Z -- 1)2(22 4" 1) 6 
127,(7,3 4" 22 __ 1)2(Z3 __ 72 __ Z -- 1) 2 
l (z  - 1)2(7" 2 4" 1) 6 
12(7" -- 1)2(7, 2 4" 1) 6 
z9(z  - 1) ~ 
(z + 1) TM 
z1°0  - 1) s 
1Z9(Z -- 1) s 
12z9(z - 1) s 
(z - 1)(z 3 - z - 1)3(z 3 + z 2 + z - 1) 3 
1(7. -- 1)(Z 3 -- Z -- 1)3(2 3 + Z 2 + Z -- 1) 3 
(Z -- 1)2(23 + Z 2 + 1) 6 
(Z -- 1)3(23 + 22 -- 1) 6 
Z3(Z 3 -- Z 2 -- Z -- 1) 6 
z(z - 1)2(z 3 + Z 2 -- 1) 6 
I (Z -- 1)2(Z 3 + Z 2 -- 1) 6 
- 1)' z 2 + 1) 9 
Z~(Z -- 1) ' (Z  + 1)6(Z 2 - 7, -- 1) 6 
Z3(Z -- 1)3(7, 4" 1)6(Z 2 -- 2 -- 1) 6 
24(7. -- 1)2(Z 4" 1)6(Z 2 -- Z -- 1) 6 
lz3(z - 1)2(z + 1)6(z 2 - z - 1) 6 
12z3(z - 1)2(z + 1)6(7" 2 - 7, - 1) 6 
7,(7,3 _ Z -- 1)2(Z 3 4" 72 4" Z -- 1)2(Z 3 -- 7" 4" 1)2(Z 3 -- 72 4" 1)2 
(~- 1) =7 
z 
7"(z -1# 
1 Z(Z - -Z - -1 )2 (Z  3+z 2+2-1)2(z  3 -z+1)2(z  3 -22+1)  2 
l ( z  - 1) ~ 
2 3 2 2 3 2 2 
z (z+l ) (z  - z  -1 ) (z  +z  -1 )  
× (73 _ Z2 4" Z 4" 1)2(23 4" Z 2 -- Z 4" 1) 2 
2 2 2 2 3 2 2 
z (z  - 1)(z  + 1) (z  - z - z - 1) (z  + z - 1) 
3 2 2 3 2 2 x(z  - z  +z+l ) (z  +z  - z+ l )  
Table 1. (Continued) 















































23(2" 4" 1)8(2" 3 + z 4" 1) s 
2"4(Z + 1)8(2" 3 + Z 4- 1) 8 
lZ3(Z + 1)8(2" 3 4- Z 4- 1) s 
1223(Z4"1)8(2"3+2"-I-1) 8 
2"2(Z24-2"4-1)16 
28(2" 2 4- Z 4" 1) x6 
12"7(Z 2 4" Z 4" 1) 16 
122-7(2- 2 4" 2- 4" 1) 16 






27(2- 4" 1)16(2-3 4- 2" + 1)16 
Z8(2 4- 1)16(2" 3 4" 2" 4" 1) 16 
1Z7(Z + 1)16(Z 3 + Z + 1) 16 
122-7(Z 4" 1)16(Z 3 4- 2' 4- 1) 16 
215(22 4- 2" 4" 1) 32 
216(22 4- Z 4" 1) 32 
1215(22 + 2 + 1) 32 

































22(2 4- 1)2(2 - z 2 - z - 1)2(z 3 4- z 2 - 132 
X (Z 3 -- Z 2 4- Z 4" 1)2(Z 3 + Z 2 -- Z 4" 1)" 
12(z - 1) 26 
lZ(Z + 1)2(Z 3 -- Z 2 -- Z -- 1)2(Z 3 + Z 2 -- 1) 2 
x (z  3 - z 2 + z + 1)2(z 3 + z 2 - z + 1) 2 
12Z(Z + 1)2(Z 3 -- Z 2 - -  Z - -  1)2(z 3 + z 2 - 1) 2 
X (Z 3 --  Z 2 4" Z 4" 1)2(Z 3 + Z 2 --  Z + 1) 2 
23(2 -- 1)2(Z 2 4" Z -- 1)6(22 4" 1) 6 
12Z3(2 -- 1)2(Z 2 + Z -- 1)6(Z 2 + 1) 6 
(Z -- 1)4(234- 22 -- 1) 9 






1229(Z -- 1)S(z+l) TM 
(Z- -1)3(Z3- -Z- -1)6(Z3+Z2+Z--1)  6 
23(23--24-1)6(23--Z2+1)6 
Z(Z- -1)2(Z3- -Z- -1)6(Z3+Z2+Z--1)  6 
1(Z- -1)2(Z3--Z- -1)6(23+Z2+Z--1)6 
12(Z - -1)6(23+Z2+Z--1)  6 
l ( z  - I )  ' °  
23(2- -1 )2(234"Z2- -1 )6(23- -22- -Z  -- 1) 6 
12Z27(Z--1)26 
(2- -1)9(Z3+22--1)  TM 









12Z3(2 -- 1)2(23 -- Z -- 1)6(23 "at" Z 2 + Z -- 1) 6 
X(Z  3 -24"1)6(23-22  4" 1) 6 
(z - 1) s° 
(~F 1)81 
Z 
z(z - 1) 8° 
l ( z  - 1) s° 
(Z -- 1)13(Z3 + Z 2 -- 1) 27 
Z9(Z - -  1)S(Z 3 + Z 2 -- 1)IS(z3 -- Z 2 -- 2 -- 1) TM 
zSl(z _ 1) s° 
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eight irreducible quadratic and only five linear or constant factors. But then since 
each cubic rational factor must split (mod2) and thus yield at least one 
non-quadratic factor there are not enough non-quadratic factors available. 
By this method the diameters 20, 21, 39 and 79 may be eliminated. 
3. High powers of z 
In some cases the presence of a high power of z in the (rood 2) factorization 
allows us to derive a contradiction. We use the following lemma" 
Lemma 1. Suppose that (mod 2) H'a(z) has the factor z with multiplicity m. Then 
for all even integers n, H'a(n) is divisible by 2', where t is the least integer greater 
than or equal to ~m. 
Proof. The factor z m will come from at least t factors over the 2-adic integers, 
each congruent o z, z 2 or z 3 (mod 2). The value of each of these factors at an 
even integer will then be divisible by 2. [] 
We also need the following special values: 
Ha(O) =-a(b  + c) 2 if d is odd, 
a(2ab- (b+c)  2) i fd=l  (mod4),  
Ha(2) = [2bc2_ a(b + c) 2 if d = 3 (mod 4), 
Hd(4) = d2(a - b ) (ab  - c 2) + 2db(a  2 - c 2) + b(a  c) 2. 
It follows that if d is odd, then 
Ha(4) - d2Ha(O) = b[a(d + 1) + c(d - 1)] 2. 
Now when d = 127 Case F, for example, m = 127, so H'a(n) is divisible by 2 43 
whenever n is even. In Case F, b and c are even, a is odd, and ord2(b)< 
ord2(b 2 + c2). Therefore 
(a) ord2(a(b + c)2) ~> 43 + ord2(b), 
(b) ord2(2bc 2 - a(b + c) 2) 1> 43 + ord2(b), and 
(c) ordz(b[128a + 126c] z) I> 43 + ordz(b). 
Therefore from (c), ordz(128a+ 126c)~>22, and since ordz(128a)=7 also 
ord2(126c) = 7, and so ordz(c)= 6. But then ordz(2bc 2) = 13 + ord2(b), so from 
(b), ordz(a(b + c) 2) = 13 + ord2(b), which contradicts (a). 
By this method we may eliminate the diameters 31, 63, 95, 127 and 161. 
Similarly (and this will be needed in Section 5) in diameter 15, Case F and 
diameter 17, Case B we may see that for some even integer n, H'd(n) is not 
divisible by 2 9 . 
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4. High powers of quadratic or cubic factors 
We deal with the majority of the remaining cases using the following 
Lemma 2. If H'a(z) has a quadratic or cubic factor p(z) (mod2) (respectively 
(mod3)) with multiplicity m and r(z) is congruent to p(z) (mod2)) (respectively 
(mod 3)), then the remainder of H'a(z) upon division by r(z) is divisible by 2 m 
(respectively 3m). 
Proof. This follows from the fact that each such factor must arise from a different 
irreducible factor over the rationals, given that the rational factorization involves 
only factors of degree at most 3. [] 
We illustrate the method for d = 28, Case A. By computer algebra we obtain 
the following remainders upon division by z 3 - z 2 + 1. 
P26:674 867 161 - 23 111 754 089 z + 25 15 920 073 z 2, 
P27: -27  12 256 767 + 27 16 237 193 z - 26 18 505 377 Z 2, 
P28:3 647 209 321 - 23 603 944 359 z + 25 86 039 453 z 2. 
Then the coefficient of z 2 in the remainder of H28(z) is 
25 86 039 453 a2b - 26 18 505 377 a(b 2 + c 2) + 25 15 920 073 bc 2, 
which must be divisible by 28. But since a, b, and c are odd in this case, 
ord2(b 2 + c 2) -- 1 and so ord2(2618 505 377 a(b 2 + c2)) = 7. But 
ord2(25 86 039 453 a2b + 25 15 920 073 bc 2) 
= 5 + ord2(86 039 453 a 2 + 15 920 073 c 2) = 6. 
This is a contradiction which eliminates this case. 
In Table 2 we list the remainders used to eliminate other cases. The remaining 
calculations are similar to the above, although in some cases they are lengthier. In 
this table, o denotes an odd number whose value does not concern us and which 
may in fact have different values at different occurrences, q a similarly unspecified 
number prime to 3 and mn an unspecified number which is congruent o m 
(mod n). 
By using this method we eliminate diameters 16, 19 (Case F only), 23, 24, 25 
(Case e only), 27, 28, 29, 32, 35, 36, 37, 40, 41, 55, 64, 71, 72, 73, 80 and 81. 
5. The remaining cases 
To deal with the remaining cases we need to examine the source of the factors 
in Ha(z) as arising from the factors of Fd(y). 
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Table 2 
d = 16, Case e 
r (z )  z 2 - 3z + 1 z 2 + 3z - 2 
P14 0 35q + 34qz 
P15 1 q + 34qz 
P16 z 32q + qz  
d = 19, Case F 
r ( z )  z 2 - 3z + 1 z 2 + z - 1 
/'17 z 260 + oz 
Pxs 1 o + 24oz 
P19 0 260 + 26OZ 
Z2- -Z - -1  
240+ OZ 
o + 25oz 
26o+2%z 
d = 23, Case j 
r (z )  z 2 - 3z + 1 Z 2 + 1 
P21 z 32q + 76slZ 
P22 z 32q - 3281z 
Pz3 1 q + 3~qz 
d = 23, Case k; d = 24, Cases a, c, f; d = 15, Case e 
r ( z )  z 2 - 4z + 2 z 2 - z + 2 z 2 + 2z - 1 
P21 z 32q + qz 
P22 1 q + 35qz 163243 + 32qz 
P23 0 34q + 34qz 37q + 34q z 
P24 1 q + 34qz 163243 + 32q z 
Pz5 z 32q + qz 
d = 27, Case F; d = 28, Cases A, C; d = 29, Case B 
r(z) z 3 - -  5Z  2 -~- 6Z  - -  1 z 3 - -  2 '2 + 1 
Pz5 z 240 + oz + 230z 
P26 1 0 + 230z + 2514 z2 
P27 0 270 + 270z -I- 260z 2 
Pzs 1 o + 23oz + 2514 z2 
P29 z 240 + oz + 23oz 2 
d = 32, Case j 
r (z )  z 3 - -  5Z  2 + 6z - 1 z 3 "l- Z 2 - -  2 
P3o 1 - 2z + z 2 q + qz + 16slZ 2 
Pat 1 - 2z + z 2 q + qz + 4381 Z2 
P32 z 31q + qz + 33qz 2 
d = 35, Case F; d = 36, Cases A, C; d = 37, Case B 
r (z )  z 3 -- 6z 2 + 9z -- 1 z 3 - z 2 -- 1 
/'33 z 23o + oz + 24oz e 
P~ 1 o + 260z + 230z 2 
P35 0 26o + 260z + 290z 2 
P36 1 0 + 2120z + 230z 2 
P37 z 230 + oz + 2%z 2 
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Table 2. (Continued) 
d = 40, Cases A,  C; d = 41, Case B 
r(z) z 2 - 3z + 1 z 2 - z + 1 
P3s 1 o + 254764 z 
P39 O 2140 + 21Ooz 
P4o 1 o + 254964z 
P41 z 250 + oz 
d = 55, Case F 
r(z) z 3 - 5z 2 + 6z - 1 z 3 + z 2 + 1 
P53 z 240 + oz + 25oz 2 
P~ 1 0 q- 240z -b 240z 2 
/'55 0 2ao + 28oz + 2Soz 2 
d = 64, Case e 
r(z) z 3 - 5z 2 + 6z - 1 z 3 + z 2 - 1 
P62 0 38q + 36qz + 36qz 2 
P63 1 q + 35qz + 37qz 2 
P64 z 33q + qz + 35 qz 2 
d = 71, Case F; d = 72, Cases A ,  C; d = 73, Case B 
r(z) z 3 - 6z 2 + 9z - 1 z 3 + z + 1 
P69 z 260 + oz + 24oz 2 
P7o 1 o + 2438 z + 265sZ 2 
P71 0 2110 + 2Soz + 2110Z 2
P72 1 o + 245s z + 267sz 2 
P73 z 260 + OZ + 24oz 2 
d = 80, Cases A,  C; d = 81, Case B 
r(z) z 2 -- 3Z + 1 Z 2 -- z + 1 
P78 1 o + 269512sz 
P79 0 216o + 21Zoz 
Pso 1 o + 26971mz 
P81 z 260 + oz 
Lemma 3 .  An i r reduc ib le  quadrat i c  fac tor  p (x )= x 2 -  ex + f o f  Fd(X) g ives  rise to 
the factor 
z 2 + (2f-e2)z/(ab) +f2/(ab)2 
of H'a(z), which factor will be reducible only if e = O. 
An irreducible cubic factor p (x )=x3-ex2+ fx -g  of Fd(X) gives rise to the 
irreducible factor 
z 3 + (2 f -e2)z2 / (ab)  + ( f2_  2eg)z / (ab)2_  g2 / (ab)3  
o f  n 'a (z ) .  
Proof .  Mu l t ip ly  p(x)p( -x )  and subst i tu te  X 2 • abz .  [] 
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Table 3 
d = 13, Case F; d = 14; Cases A,  C; d = 15, Case B 
divisors r (z)  congruent to z 3 + 2 2 + 2z + 1 (mod 4) 
r(z) z 3 - 7z 2 + 14z - 7 23 + z 2 + 2z + 1 
]911 Z 240 + OZ + 23022 
P12 1 o + 23oz + 29022 
P13 0 21°o + 29o2 + 26oz 2 
]914 1 0 + 2302 + 26oz 2 
/'15 z 240 + 02 + 23oz 2 
divisors r (z)  congruent to z 3 - z 2 + 2z - 1 (rood 4) 
r (z )  z 3 - 5z 2 + 6z - 1 z 3 - z 2 + 2z - 1 
Pll z 230 + 02 + 23022 
P12 1 o + 2502 + 23o22 
P13 0 260 + 2602 + 27OZ 2 
P14 1 o + 25oz + 23022 
P15 z 230 + 02 + 23022 
d = 15, Case F; d = 17, Case B 
divisor r (z )  congruent to z 3 + 2 
r (z )  z 3 + 2 
P13 2% + OZ + 22022 
P14 0 + 2202 + 23022 
P15 270 + 240Z + 28022 
P16 o + 220Z + 23022 
P17 240 + OZ + 22022 
divisor r (z)  congruent to z 3 + 2z 2 + 2 
r (z )  z 3 - 2z 2 + 2 
P13 250 + OZ + 22022 
P14 O + 2202 + 23022 
/'15 260 + 2402 + 25022 
P16 o + 22oz + 23o22 
P17 214o + O2 + 22022 
(mod 4) 
(mod 4) 















r (z )  congruent to z 3 + 2z 2 + z + 1 (mod 4) 
7. 3 - -  622  + 9Z -- 3 Z 3 + 2Z 2 -- 3Z + 1 
Z 240 + OZ + 23OZ 2 
1 O + 2302 + 2534Z 2
0 260 + 2602 + 2°O22 
1 o + 23o2 + 2534z 2 
z 240 + oz + 23oz 2 
r (z )  congruent to Z 3 + 2z 2 + z - 1 (mod 4) 
z 3 -6z  2+9z-  1 z 3 -2z  2+z-  1 
z 230 + OZ + 270Z 2 
1 o + 29oz + 23oz 2 
0 260 + 26oz + 27o22 
1 o + 26oz + 23022 
Z 230 + OZ + 26022 
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As a consequence of this lemma, we notice that an irreducible quadratic factor 
of H'd(Z) cannot have constant erm congruent o -1  (mod 3). In particular this 
eliminates d = 4 Case b, d = 5 Case b, d = 9 Case k, and d = 12 Case b. 
Also the sign (mod 3) or (mod 4) of the constant erm of an irreducible cubic 
factor will depend only on the same sign of ab, hence will be the same for all 
irreducible cubic factors. This observation eliminates the remaining Case k for 
d = 25. 
Lemma 4. When d = 15 Case F or d = 17 Case B there are at least four irreducible 
cubic factors. 
Proof. As noted in Section 3, in these cases H'd(n) is not divisible by 29 for some 
even integer n. However an irreducible quadratic factor congruent o z 2 (mod 2) 
will contribute a factor 22 to the value of H'e(n) for even n and a linear factor 
congruent o z (mod 2) will contribute 21. Therefore if there are k cubic factors 
congruent o z 3 (rood 2) we have (15 - 3k) + k ~< 8, so k I> 4. [] 
Now we observe that a cubic Z 3 "4- Z 2 q" 1 (mod 2) must be either z 3 + z 2 + 2z + 
1 or z 3 - z 2 + 2z - 1 (mod 4). Thus for d = 13 Case F, d = 14, or d = 15 Case B 
the remainder of H'e(z) when divided by any cubic congruent to one of the above 
two factors (mod 4) must be divisible by 28. 
Similarly a cubic z 3+z+l  (mod2) must be either z 3+2z  2+z+l  or 
z 3 + 2z 2 + z - 1 (mod 4), so that when d = 17 Case F, d = 18, or d = 19 Case B, 
we have a similar conclusion. 
Finally when d = 15 Case F or d = 17 Case B it turns out that there must be at 
least 4 cubic factors congruent o z 3 + 2 or z 3 + 2z 2 + 2 (mod 4), and therefore at 
least two congruent o one of these. Therefore in these cases the remainder of 
Ha(z) when divided by any cubic congruent o at least one of these (mod 4) must 
be divisible by 26. Furthermore in these cases, ord2(ab) will be odd. 
All of the above situations lead to contradictions. We give the remainders 
needed for the analysis in Table 3. 
Table 4 
d Case H'~(z) (mod 2) Case H~(z) (mod 3) 
2 A Z 2 a z(z - 1) 
B 12 b (z + 1) 2 
C lz c z 2 
D z2+z+l  d z2+l  
E l(z + 1) e 12 
F (z + 1) 2 f lz 
g Z2-1 t- 1 
h (z + 1) 2 
i l(z + 1) 
j l(z - 1) 
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Table 4. (Continued) 









z s a 
12(2 3 + 2 2 + 1) 2 C 
l z  7 e 
(2 + I)2(2 3 + 2 + 1) 2 f 
J 
k 
Z(Z + 1)2(Z 3 + Z + 1) 2 a 
12Z 7 b 
l (z  + 1)2(23 + z + 1) 2 c 
z(z  2 + z + 1) 4 e 
f 
k 
10 A zZ(z 2 + Z + 1) 4 a 
B 12(2 + 1)2(2 3 + Z + 1) 2 C 
C l z (2  2 + z + 1) 4 e 
f 
g 
11 B 122(22 + z + 1) 4 e 
F Z3(Z + 1) 8 j 
k 
12 A Z4(Z + 1) 8 a 




13 B 1223(2 + 1) 8 








z(z  - 1)(z + 1)2(z 2 - z - 1) 2 
Z2(Z + 1)2(Z 2 --  Z --  1) 2 
12(2 3 + 2 2 --  1) 2 
lz(z + 1)2(22 -- Z --  1) 2 
l ( z  - 1) (z  2 + 1) 3 
( z  - 1) 8 
(Z --  1) 9 
Z 9 
z(z - 1) 8 
12Z(Z + 1)2(22 -- Z --  1) 2 
l(z - 1) 8 
2(22 + 1)2(22 + Z -- 1) 2 
2(Z -- 1)(22 + 1)2(22 + Z -- 1) 2 
Z2(Z 2 + 1)2(2 2 -k Z --  1) 2 
12(Z -- 1) 8 
12(22 + 1)2(22 + Z -- 1) 2 
(Z -- 1)(Z 3 + 2 2 -  1) 3 
122(22 + 1)2(22 + Z -- 1) 2 
l(z - l ) (z 3 + z 2 - 1) 3 
Z3(Z + 1)6(Z -- 1) 2 
Z3(Z -- 1)3(Z + 1) 6 
(Z 2 --  Z --  1) 6 
Z4(Z -- 1)2(2 + 1) 6 
123(2 -- 1)2(2 + 1) 6 
(2 3 -- Z -- 1)2(2 3 + 2 2 -I- Z --  1) 2 
(Z -- I)(Z 3 -  2 -- I)2(Z 3 + Z 2 + Z -- 1) 2 
Z(Z  3 --  Z "~- 1)2(Z 3 --  2 2 + 1) 2 
Z(Z  3 - -  Z - -  1)2(2 3 + Z 2 -l" Z - -  1) 2 
1223(Z -- 1)2(z + 1) 6 
1(2 3 -  Z --  1)2(2 3 + 2 2 + Z -- 1) 2 
(Z --  1)  13 
2(2 3 Jr Z 2 -- 1)2(Z 3 --  2 2 --  2 --  1) 2 
This completes the elimination of all diameters greater than 13, and so we have 
proved the theorem. 
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